Transportation, and Assignment Problems



1. Transportation Problem (TP)

Distributing any commodity from any group of
supply centers, called sources, to any group of
receiving centers, called destinations, in such a
way as to minimize the total distribution cost

(shipping cost).



1. Transportation Problem (TP)

Total supp

If total sup

y must equal total demand.

nly exceeds total demand, a dummy

destination, whose demand equals the difference
between the total supply and total demand is created.

Similarly if

total supply is less than total demand, a

dummy sourcas created, whose supply

equals the

difference.

All unit shipping costs into a dummy destination or
out of a dummy source are 0.
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Example 2:

Destinatio Supply
n
D1 D2 D3 | D4
S1| 50 75 35 | 75 12
Source 65 80 60 | 65 17
S2
S3| 40 70 45 | 55 11
Demand | 15 10 15 | 10
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Network Model

AA network modelis one which can be represented by a set of nodes,
a set of arcs, and functions (e.g. costs, supplies, demands, etc.)
associated with the arcs and/or nodes.

ATransportation, assignment, and transshipment problems , shortest
route, minimal spanning tree, and maximal flow problems and
PERT/CPM problems are all examples of network problems.




Transportation, and Assignment Problems

ATransportation and assignment can be formulated as linear
programs and solved by general purpose linear programming
Algorithms (simplex method).



Transportation Problem

AThetransportation problemseeks to minimize the
total shipping costs of transporting goods fram
origins or sources (each with a supplyto n
destinations (each with a demant), when the
unit shipping cost from source,to a destination,
J, ISG;.

AThenetwork representatiorfor a transportation
problem with two sources and three destinations
IS given as:
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Transportation Problem

ALP Formulation

The linear programming formulation in terms of the amounts shipped
from the sources to the destinations;, can be written as:

Min S §x;
]

s.t. S¥<§
J
S%; =4

(total transportation cost)

for each sourcé (SUpPPly constraints)
for each destination (demand constraints)

for alli andj (nonnegativity constraints)



Transportation Problem

ATo solve the transportation problem by its special purpose
algorithm, it is required that the sum of the supplies at the sources
equal the sum of the demands at the destinations. If the total
supply is greater than the total demand, a dummy destination is
added with demand equal to the excess supply, and shipping costs
from all sources are zero. Similarly, if total supply is less than total
demand, a dummy source is added.

AWnhen solving a transportation problem by its special purpose
algorithm, unacceptable shipping routes are given a cosib(ar
large number).



Transportation Problem

AA transportation tableaus given below. Each cell represents a
shipping route (which is an arc on the network and a decision
variable in the LP formulation), and the unit shipping costs are given
In an upper right hand box in the cell.

D1 D2 D3 Supply
s1 15 30 20 50
30 40 35
S2 30

Demand 25 45 10



Problem formulation

AThe LP model for this problem is as follows:

Min Z =15 ¥ + 30 %, + 20 X3+ 30 X, + 40%,+ 35%,
S.t.

Xipt Xt (3K p

Supply constraints

Xort %ot %3 O 1

X1t %1=25
Xiot %,=45
X3+ %3=10 demand constraints

X% %EO0 -



Transportation Problem

AThe transportation problem is solved in two phases:
APhase I-- Obtaining an initial feasible solution
APhase l}- Moving toward optimality

Aln Phase I, the Minimurost Procedure can be used to establish an
Initial basic feasible solution without doing numerous iterations of
the simplex method.

Aln Phase II, the Stepping Stone, by using the MODI method for
evaluating the reduced costs may be used to move from the initial
feasible solution to the optimal one.



Initial Tableau

A There are many method for finding the initial tableau for the
transportation problem which are:

2. Minimum cost of the row
3. Minimum cost of the column

5. +23€fSQa8 | LIWINREAYIFGAZ2Y YSGiK2R
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Northwest corner

ANorthwest corner: Begin by selecting, Xhat is, start in the northwest
corner of the transportation tableau). Therefore, jfias the last basic
variable (occupied cell) selected, then selggt Khat is, move one column
to the right) if source | has any supply remaining. Otherwise, next sglect X

(that is, move one row down).

D1 D2 D3
15 30 20
S1 |25 25
i
30 40 35
S2 20 10
Demand 25 45 10

Total cost is $2275

Supply

<10)

30



Transportation Algorithm

APhase } Minimum-Cost Method

AStep 1:Select the cell with the least cost. Assign to this cell the
minimum of its remaining row supply or remaining column demand.

AStep 2:Decrease the row and column availabilities by this amount and
remove from consideration all other cells in the row or column with
zero availability/demand. (If both are simultaneously reduced to O,
assign an allocation of O to any other unoccupied cell in the row or
column before deleting both.) GO TO STEP 1.

D1 D) D3 Supply
15 30 20
S 125 15 10 50
30 40 35
S2 30 30

Demand 25 45 10



1. For each remaining row and column, determine the difference between
the lowest two remaining costs; these are called the row and column
penalties.

2. Select the row or column with the largest penalty found in step 1 and
note the supply remaining for its row, s, and the demand remaining in its
column, d.

3. Allocate the minimum of s or d to the variable in the selected row or
column with the lowest remaining unit cost. If this minimum Is s,
eliminate all variables in its row from future consideration and reduce
the demand in its column by s; if the minimum is d, eliminate all variables
In the column from future consideration and reduce the supply in its row
by d.

REPEAT THESE STEPS UNTIL ALL SUPPLIES HAVE BEEN ALLOCATE



Demand 10

Total sipping cost = 2030



Transportation Algorithm

APhase I} Stepping Stone Method

AStep 1:For each unoccupied cell, calculate the reduced cost by the MODI
method described below. Select the unoccupied cell with the
most negative reduced cost. (For maximization problems select the
unoccupied cell with the largest reduced cost.) If none, STOP.

AStep 2:For this unoccupied cell generate a stepping stone path by forming a
closed loop with this cell and occupied cells by drawing connecting
alternating horizontal and vertical lines between them.

Determine the minimum allocation where a subtraction is to be
made along this path.



Transportation Algorithm

APhase I} Stepping Stone Method (continued)

A Step 3:Add this allocation to all cells where additions are to be made, and
subtract this allocation to all cells where subtractions are to be made along
the stepping stone path.

(Note: An occupied cell on the stepping stone path now becomes O
(unoccupied). If more than one cell becomes 0, make only one unoccupied;
make the others occupied with 0's.)

GO TO STEP 1.



Transportation Algorithm

AMODI Method (for obtaining reduced costs)

Associate a numbew, with each row and; with each column.
AStep1: Setu, =0.

AStep2: Calculate the remaining's andy;'s by solving the relationshig =u,
+Vv; for occupied cells.

AStep3: For unoccupied cellsjj, the reduced cost T - Ui - V.



Example: BBC

Building Brick Company (BBC) has orders for 80 tons of bricks at
three suburban locations as follows: Northwoe@5 tons,
Westwood-- 45 tons, and Eastwood 10 tons. BBC has two plants,
each of which can produce 50 tons per week.

How should end of week shipments be made to fill the above
orders given the following delivery cost per ton:

Northwood Westwood Eastwood
Plant 1 24 30 40
Plant 2 30 40 42




Northwooa Westwood Eastwood  Dummy  Supply

Plant 1 IIII o0

Plant 2

Demand 25 45 110) y40)



Example: BBC

AlLeast Cost Starting Procedure

Alteration 1: Tie for least cost (0), arbitrarily selegj. Allocate 20. Reducg
by 20 to 30 and delete the Dummy column.

Alteration 2: Of the remaining cells the least cost is 24xgr Allocate 25.
Reduces, by 25 to 5 and eliminate the Northwood column.

Alteration 3: Of the remaining cells the least cost is 30Xgt Allocate 5.
Reduce the Westwood column to 40 and eliminate the Plant 1 row.

Alteration 4: Since there is only one row with two cells left, make the final
allocations of 40 and 10 to,, and X, respectively.



Plant 1
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Demand
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Example: BBC

Alteration 1
AMODI Method

1. Setu; =0
2. Sincea; +V, =¢y; for occupied cells in row 1, then
v,=24v,=30,v,=0.

3. Sincay; +V, = ¢, for occupied cells in column 2, then u, +
30 = 40, hence, = 10.

4. Sincau, +V; =, for occupied cells in row 2, then
10 +v3 =42, hence/; = 32.



Example: BBC

Alteration 1
AMODI Method (continued)

Calculate the reduced costs (circled numbers on the next
slide) byg; - u; + V.

Unoccupied Cell Reduced Cost
) 4M-32= 8
(2,1) 3@4-10= -4
(2.4) -00-.,0.=




Northwood Westwood E

IStwood  Dummy. U
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U
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Example: BBC

Alteration 1
A Stepping Stone Method

The stepping stone path for cell (2,4) is (2,4), (1,4), (1,2), (2,2).
The allocations in the subtraction cells are 20 and 40, respectively.
The minimum is 20, and hence reallocate 20 along this path. Thus for
the next tableau:

X, = 0+ 20=20 (Ois its current allocation)
X;4 = 20-20 = 0O (blank for the next tableau)
X;, = 5+20=25

X,, = 40-20 =20

The other occupied cells remain the same.
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Example: BBC

Alteration 2
AMODI Method

The reduced costs are found by calculating  the u;'s
andv;'s for this tableau.

1. Setu, = 0.
2. Sinceu1 +V; =¢; for occupied cells in row 1, then
=24\, = 30.

3. Slnc;eui +V, =G, for occupied cells in column 2, thenu, +
30 = 40, ou, = 10.

4. Sincau, +V; =c, for occupied cells in row 2, then
10 +v; =42 orvy = 32; and, 10 ¥, = 0 orv, =-10.



Example: BBC

Alteration 2
AMODI Method (continued)

Calculate the reduced costs (circled numbers on the next
slide) byg; - u; + V.

Unoccupied Cell Reduced Cost
) 40- 0- 32 = 8
(1,4) 0- 0-(10)= 10
(2,1) 30-10- 24 = 4




Nortiweod Westwood Eastwood  Dummy U;

0)




xample: BBC

A Stepping Stone Method

The most negative reduced cost isAdetermined byx,,. The
stepping stone path for this cell i8,1),(1,1),(1,2),(2,2). The allocations
In the subtraction cells are5 and20respectively. Thus the new
solution is obtained by reallocatir on the stepping stone path.
Thus for the next tableau:

X,y = 0+20=20 (Ois its current allocation)
X;,=25- 20= 5

X1, =25+20=45

X, =20- 20= 0 (blank for the next tableau)
The other occupied cells remain the same.
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Example: BBC

Alteration 3
AMODI Method

The reduced costs are found by calculatitige u;'s and
v/'s for this tableau.

1. Setu; =0
2. Sinceu; +V, =¢y; for occupied cells in rod, then
v, =24 andv, = 30.

3. Sincauy; + v, = ¢, for occupied cells in colum®  thenu, +
24=300r u, =6.

4. Sinceu, +V; =, for occupied cells in ro&, then
6+vy;=420rv;=36, and6 +v,=0or v, =-6.



Example: BBC

Alteration 3
AMODI Method (continued)

Calculate the reduced costs (circled numbers on the next
slide) byg; - u; + V.

Unoccupied Cell Reduced Cost

(1,3) 40-0- 36 = 4
(1,4) 0-0-(-6) = 6
(2,2) 40-6- 30 = 4

Since all the reduced cost are nonnegative, the current
solution is optimal
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Example: BBC

AOptimal Solution

From

Plant 1
Plant 1
Plant 2
Plant 2

To Amount Cost
Northwood 5 120
Westwood 45 1,350
Northwood 20 600
Eastwood 10 420

Total Cost = $2,490



Assignment Problem

AAnassignment problenseeks to minimize the total cost assignment
of m workers tom jobs, given that the cost of workeperforming job
J IS¢

Alt assumes all workers are assigned and each job is performed.

AAn assignment problem is a special case fi@sportation problem
In which all supplies and all demands are equdl;tinence
assignment problems may be solved as linear programs.

AThenetwork representatiorof an assignment problem with three
workers and three jobs is shown on the next slide.




Assignment Problem

ANetwork Re(jniﬂtion
1
Cio
Ci3

Cs1

WORKERS

JOBS



