Waiting Line Theory or Queuing Model

9.1. INTRODUCTION

Before going to waiting line theory or queuing theory, one has to understand two things in clear. They
are service and customer or element. Here customer or element represents a person or machine or any
other thing, which is in need of some service from servicing point. Service represents any type of
attention to the customer to satisfy his need. For example,
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Person going to hospital to get medical advice from the doctor is an element or a customer,
A person going to railway station or a bus station to purchase a ticket for the journey is a
customer or an element,

A person at ticket counter of a cinema hall is an element or a customer,

A person at a grocery shop to purchase consumables is an element or a customer,

A bank pass book tendered to a bank clerk for withdrawal of money is an element or a
customer,

A machine break down and waiting for the attention of a maintenance crew is an element or
a customer.

Vehicles waiting at traffic signal are elements or customers,

A train waiting at outer signal for green signal is an element or a customer

Like this we can give thousands of examples.
In the above cases, the service means,
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Doctor is a service facility and medical care is a service,

Ticket counter is a service facility and issue of ticket is service.

Ticket counter is a service facility and issue of ticket is service,

Shop owner is a service facility and issue of items is service.

Bank clerk is a service facility and passing the cheque is service.
Maintenance crew is service facility and repairing the machine is service.
Traffic signals are service facility and control of traffic is service.
Signal post is a service facility and green signaling is service.

Abuvc we have seen elements or customer and service facility and service. We can see here
that all the customer or elements (hereafter called as customer only) will arrive and waits to avail
the service at service station. When the service station has no desired capacity to serve them all at
a time the customer has to wait for his/its chance resulting the formulation of a waiting line of
customers which is generally known as a queue. In general we can say that a flow of customers



Jrom infinite or finite population towards the service facility forms a queue or waiting line on
account of lack of capability to serve them all at a time. The above discussion clarifies that the
term customer we mean to the arriving unit that requires some service to be performed at the
service station. Queues or waiting lines stands for a number of customers waiting to be serviced.
Queue does not include the customer being serviced. The process or system that performs the
services to the customer is termed as service channel or service facility.

Thus from the above we see that waiting lines or not only the lines formed by human beings but
also the other things like railway coaches, vehicles, material etc.

A.K.Erlang, a Danish telephone engineer, did oniginal work on queuing theory. Erlang started
his work in 1905 in an attempt to determine the effects of fluctuating service demand (arrivals) on
the utilization of automatic dialing equipment. It has been only since the end of World War II that
work on waiting line models has been extended to other kinds of problems. In today’s scenario a
wide variety of seemingly diverse problems situations are recognized as being described by the
general waiting line model. In any queuing system, we have an input thatarrives at some facility for
service or processing and the time between the arrivals of individual inputs at the service facility is
commonly random in nature. Similarly, the time for service or processing is commonly a random
variable.

Table 9.1 shows waiting line model elements for some commonly known situations. Servers
may be in parallel or in service. When it is parallel, the arriving customers may form a single queue
as in the case of post offices, ticket windows in railway station and bus station or a cinema theatre
etc. shown in figure 9.1. If the serves are in series, then number of queues is formed in front of
service facilities, for example we can take repair of break down machines. This is illustrated in
figure number 9.2,

S.No Population | Arrivals Queue Service Out going Name of the | Remarks,
(Channeal) Facilty (Phase)| element system

1 0000000—= E] Single
0000000=— 0 00000 Q= channel
0000000 —= single phase.

2 0000000=> 00000 E| Q= Multi Channel
0000000 === 0 00000 E‘ Q= Single Phase
0000000 = 00000 EI Q=

3 0000000—= EI El E] Single Channel
0000000 == 0 00000 Q= Multi Phase
0000000 —=

4 0000000 = 00000 EI E] PJ Q= Multi ehannel
0000000—= 0 00000 EI 3 E] Q= Multi Phase.
0000000 == 00000 EI 8 EI Q=

W

Figure 9.1. Four basic structures of walling line situations.



Table 9.1. Waiting line model elements for some commonly known situations.

3. Neo. Situation, Arriving element. | Service facility Service or process Remarks.

1 Ship entering a port. Ships Docks Unloading and loading.

2. Maintenance and Machine break Repair crew. Repairing

repair of machines downs of machines.

3. Non automatic Pans to be Individual Assembly.

assembly line assembled. assembly
operations
or entire line.

4. Purchase Customer with Checkout Tabulation of bill,
of groceries at loaded grocery Counter. receipt of payment
super market. carts. and bagging of

groceries.

o Automobile and Automobiles Traffic signal Control of traffic.

other vehicles at and vehicles. lights.
an intersection of
roads.

6. Inventory of items Order for Store or Replenishment of
in stores or withdrawal. warchouse. inventory.
warehouse.

7. Patients arriving at Patients Medical craw Health care of the
an hospital patient.

In figure number 9.2 arrows between service centers indicates possible routes for jobs processed
in the shop. In this particular system, we see that the service center moves to the customer rather than
the customer coming to service center for service. So, it may be understood here that there is no rule
that always the customers has to move 1o service centers to get the service. Depending on the situation,
the service center may also move to the customer to provide service. In this system the departure from
one-service center may become input to the other service center.

In our everyday activity, we see that there is a flow of customer to avail some service from
service facility. The rate of flow depends on the nature of service and the serving capacity of the
station. In many situations there is a congestion of items arriving from service because an item cannot
be serviced immediately on arrival and each new arrival has to wait for some time be fore it is attended.
This situation occurs where the total number of customers requiring service exceeds the number of
faciliies. So we can define a queue as “A group of customers / items waiting at some place to
receive attention / service including those receiving the service.”

In this situation, if queue length exceeds a limit, the customer get frustrated and leave the queue
to get the service at some other service station.In this case the organization looses the customer
goodwill.

Similarly some service facility waits for armival of customers when the total capacity of system 1s
more than the number of customers requiring service. In this case service facility remains idle for a
considerable time causing a burden of exchequer.



So, in absence of a perfect balance between the service facility and the customers, waiting is
required either by the customer or by the service facility. The imbalance between the customer and
service facility, known as congestion, cannot be eliminated completely but efforts / techniques can be
evolved and applied to reduce the magnitude of congestion or waiting time of a new arrival in the
system or the service station. The method of reducing congestion by the expansion of servicing counter
may result in an increase in idle time of the service station and may become uneconomical for the
organization. Thus both the situation namely of unreasonable long queue or expansion of servicing
counters are uneconomical to individual or managers of the system.
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Figure 8.2. Complex queue for a maintenance shaop.

As discussed above, if the length of the queue is longer, the waiting time of the customer will
increase causing dissatisfaction of customer and to avoid the longer waiting time of customer, if the
management increases the service facilities, then many a time we see that the service facilities will
remain idle causing burden on the organization. To avoid this situation, the theory of waiting line will
help us to reduce the waiting time of the customer and suggest the organization to install optimal
number of service facilities, so that customer will be happy and the organization can run the business
economically.

The arrival pattemn of the customer and the service time of the facility depend on many factors
and they are not under the control of the management. Both cannot be estimated or assessed in advance
and moreover their arrival pattern and service time are random in nature. The waiting line phenomenon
is the direct result of randomness in the operation of service facility and random arrival pattern of the
customer. The customer arrival time cannot be known in advance to schedule the service time and the
time required to serve each customer depends on the magnitude of the service required by the customer.
For example, let us consider two customers who come to the ticket counter to purchase the counter.
One-person tenders exact amount and purchase one ticket and leaves the queue. Another person
purchases 10 tickets and gives a Rs. 500/~ currency note. For him after giving the ticket, the counter
clerk has to give the remaining amount back. So the time required for both customers will vary. The
randomness of arrival pattern and service time makes the waiting line theory more complicated and
needs careful study. The theory tries to strike a balance between the costs associated with waiting and
costs of preventing waiting and help us to determine the optimal number of service facilities required
and optimal arrival rate of the customers of the system.



9.2. HISTORICAL DEVELOPMENT OF THE THEORY

During 1903 Mr. A.K. Erlang, a Swedish engineer has started theoretical analysis of waiting line problem
in telephone calls. In 1927, Mr. Millins developed the theory further and then by Mr. Thomton D Fry.
But Mr. D.G Kendall has given a systematic and mathematical approach to waiting line problem in
1951. After 1951 significant work has been done in waiting line theory, so as to enable it to apply to
varieties of problems come across in industries and society. One best example of this may be quoted as
the control of waiting time of a customer in queue complex of Tirupathi Temple. The present system of
tying a belt with time to the hands of a customer is the results of application of queuing theory. Another
example is computerized reservation of rail journey.

9.3. QUEUING SYSTEM OR PROCESS

One thing we have to remember is that when we speak of queue, we have to deal with two elements,
i.e. Arrivals and Service facility. Entire queuing system can be completely described by:

(a) The input (Arrival pattern)

{h) The service mechanism or service pattern,

(¢) Thequeuediscipline and

() Customer behavior.

Components of the queuing system are arrivals, the element waiting in the queue, the unit being
served, the service facility and the unit leaving the queue after service. This is shown in figure 9.3.
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Figure 9.3. Components of queuing system.

9.3.1. Input Process

The input describes the way in which the customers arrive and join the system. In general
customer arrival will be in random fashion, which cannot be predicted, because the customer is an
independent individual and the service organization has no control over the customer. The characteristics
of arrival are shown in figure 9.4.
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Figure 9.4. Characteristics of Arrivals or input.

Input to the queuing system refers to the pattern of arrival of customers at the service facility. We
can see at ticket counters or near petrol bunks or any such service facility that the customer arrives
randomly individually or in batches. The input process is described by the following characteristics (as
shown in the figure 9.4) nature of arrivals, capacity of the system and behavior of the customers.

(a)

(b)

Size of arrivals: The size of arrivals to the service system is greatly depends on the nature
of size of the population, which may be infinite or finite. The arrival pattemn can be more
clearly described in terms of probabilities and consequently the probability distribution for
inter- arrival times i.e. the time between two successive arrivals or the distribution of number
of customers arriving in unit time must be defined. In our discussion in this chapter, it is
dealt with those queuing system in which the customers amrive in Poisson or Completely
random fashion. In fact there are many more arrival patterns are available but for simplicity,
only Poisson arrivals are considered.

Inter-arrival time: The period between the arrival of individual customers may be constant
or may be scattered in some distribution fashion. Most queuing models assume that the
some inter-arrival time distraction applies for all customers throughout the period of study.
It is true that in most situations that service time is a random variable with the same distribution
for all arrivals, but cases occur where there are clearly two or more classes of customers
such as a machine waiting for repair with a different service time distribution. Service time
may be constant or random variable. In this chapter mostly distribution of service time,
which are important, are considered and they are Negative exponential distribution and
Erlang or Gamma distribution. The most convenient way is to designate some random
variables corresponding to the time between arrivals. In general the arrivals follow Poisson
distribution when the total number of arrivals during any given time interval of the number of



arrivals that have already occurred prior to the beginning of time interval. Figures 9.5 and
9.6 shows the Poisson distribution and negative exponential distribution curves.
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(c) Capacity of the service system

In queuing context the capacity refers to the space available for the arrivals to wait before

taken to service. The space available may be limited or unlimited. When the space is limited,

length of waiting line crosses a certain limit; no further units or arrivals are permitted to enter
the system till some waiting space becomes vacant. This type of system is known as system

with finite capacity and it has its effect on the arrival pattern of the system, for example a

doctor giving tokens for some customers to arrive at certain time and the present system of

allowing the devotees for darshan at Tirupathi by using the token belt system.
(e) Customer behaviour

The length of the queue or the waiting time of a customer or the idle time of the service

facility mostly depends on the behaviour of the customer. Here the behaviour refers to the

impatience of a customer during the stay in the line. Customer behaviour can be classified
as:

(/) Balking: This behaviour signifies that the customer does not like to join the queue
seeing the long length of it. This behaviour may effect in loosing a customer by the
organization. Always alengthy queue indicates insufficient service facility and customer
may not turn out next time. For example, a customer who wants to go by train to his
destination goes to railway station and after seeing the long queue in front of the ticket
counter, may not like to join the queue and seek other type of transport to reach his
destination.

(ii) Reneging: In this case the customer joins the queue and after waiting for certain time
looses his patience and leaves the queue. This behaviour of the customer may also
cause loss of customer to the organization.

(iify Collusion: In this case several customers may collaborate and only one of them may
stand in the queue. One customer represents a group of customer. Here the queue
length may be small but service time for an individual will be more. This may break the
patience of the other customers in the waiting line and situation may lead to any type of
worst episode.

(iv) Jockeying: If there are number of waiting lines depending on the number of service
stations, for example Petrol bunks, Cinema theaters, etc. A customer in one of the
queue after seeing the other queue length, which is shorter, with a hope of getting the
service, may leave the present queue and join the shorter queue. Perhaps the situation
may be that other queue which is shorter may be having more number of Collaborated
customers. In such case the probability of getting service to the customer who has
changed the queue may be very less. Because of this character of the customer, the
queue lengths may goes on changing from time to time.

9.3.2. Service Mechanism or Service Facility

Service facilities are arranged to serve the arriving customer or a customer in the waiting line is known
as service mechanism. The time required to serve the customer cannot be estimated until we know the
need of the customer. Many a time it is statistical variable and cannot be determined by any means such
as number of customers served in a given time or time required to serve the customer, until a customer
is served completely. Service facility design and service discipline and the channels of service as
shown in figure 9.7 may generally determine the service mechanism.






